We construct new explicit non-singular metrics that are complete on non-compact Riemannian 8-manifolds with holonomy Spin(7). One such metric, which we denote by A 8 , is complete and (7) metrics are asymptotically locally conical (ALC): near infinity they approach a circle bundle with fibres of constant length over a cone whose base is the squashed Einstein metric on CP 3 . We construct the covariantly-constant spinor and calibrating 4-form. We also obtain an L 2 -normalisable harmonic 4-form for the A 8 manifold, and two such 4-forms (of opposite dualities) for the B 8 manifold.
Introduction
Few explicit examples of complete non-compact manifolds admitting Ricci-flat metrics with the exceptional holonomies G 2 in seven dimensions or Spin (7) in eight dimensions are known. Three have been found in D = 7, for manifolds with the topology of the bundle of self-dual 2-forms on S 4 or CP 2 , and the spin bundle of S 3 [1, 2] . In D = 8 the only Spin(7) example that was known was defined on the chiral spin bundle of S 4 [1, 2] .
In this paper we obtain new eight-dimensional metrics of Spin (7) holonomy, and show that among these are examples that are complete on two different non-compact manifolds. 1 The new metrics are all asymptotically locally conical (ALC), locally approaching R × S 1 × CP 3 . The radius of the S 1 is asymptotically constant, so the metric approaches an S 1 bundle over a cone with base CP 3 .
However, the Einstein metric on the CP 3 at the base of the cone is not the Fubini-Study metric, but instead the "squashed" metric described as an S 2 bundle over S 4 . The new solutions can have very different short-distance behaviours, with one approaching flat R 8 whilst all the others approach R 4 × S 4 locally. The global topology is that of R 8 in the first case and the bundle of positive (or negative) chirality spinors over S 4 for the others. An intriguing feature of two of the new metrics, one on each of the inequivalent topologies, is that in local coordinates the metrics are identical.
Globally, the metric is complete on a manifold of R 8 topology if the radial coordinate r is taken to be positive, whilst in the region with negative r it is instead complete on the manifold S(S 4 ) of the bundle of chiral spinors over S 4 . We shall denote the new Spin (7) . Our construction is a generalisation of the one that leads to the previously-known metric of Spin(7) holonomy. That example is given, in local coordinates, by [1, 2] 
where
the σ i are left-invariant 1-forms on SU (2), dΩ 2 4 is the metric on the unit 4-sphere, and A i (1) is the BPST SU (2) Yang-Mills instanton on S 4 . The σ i can be written in terms of Euler angles as σ 1 = cos ψ dθ+sin ψ sin θ dϕ , σ 2 = − sin ψ dθ+cos ψ sin θ dϕ , σ 3 = dψ+cos θ dϕ .
2 Ansatz, Einstein equation and first integrals for Spin (7) metrics
The generalisation that we shall consider involves allowing the S 3 fibres of the previous construction themselves to be "squashed." In particular, this encompasses the possibility of having an asymptotic structure of the "Taub-NUT type," in which the U (1) fibres in a description of S 3 as a U (1) bundle over S 2 approach constant length while the radius of the S 2 grows linearly. The appropriate squashing along the U (1) fibres can be implemented using a description given in [4] , where it was observed that if one defines
then h i can be written (after adapting some conventions) as
.
It also follows that
In terms of the coordinates (θ, ψ) on S 2 , we have
Finally, one can show that the field strength F = dA, which follows from (6) , is given by
Since µ i µ i = 1, defining a 2-sphere, we see that (7) expresses the metric on the S 3 fibres as a U (1) bundle over S 2 , with fibre coordinate ϕ. Note that ϕ has period 4π, while ψ has period 2π. This reversal of the periods by comparison to those for the left-invariant 1-forms (3) is associated with the fact that we have transformed from a left-invariant basis to a right-invariant one, in passing to the metric (7) on S 3 [4] . The same transformation, expressed somewhat differently, was used recently in [5] .
With these preliminaries, we can now present our more general ansatz for 8-dimensional metrics of Spin (7) holonomy:
From this we can obtain the first-order equations dα i /dη = g ij ∂W/∂α j . Expressed back in terms of the original radial variable t introduced in (10), these equations arė
where a dot denotes a derivative with respect to t. Note that these first-order equations imply, but are not implied by, the Ricci-flatness of (10). As we shall show later, they are implied by the requirement that (10) not only be Ricci flat, but also that it have Spin(7) holonomy. To summarise,
we have the following Before proceeding to find new solutions to these first-order equations, we can first verify that the previous Spin (7) metric (1) is indeed a solution. Also, we may observe that one of the sevendimensional metrics of G 2 holonomy has principal orbits that are CP 3 , viewed as an S 2 bundle over S 4 , and is given, in local coordinates, by [1, 2] 
This is a solution of the seven-dimensional equations (13) One can also see the specialisations to the previous results described above at the level of the firstorder equations themselves. Setting a = b gives a consistent truncation of (17), yieldingȧ = (The first-order equations for these two cases can be found, for example, in [6] .) Also, we may note that a special solution arises if we set b = −a, which then implies a = −b = ±c = 1 2 t. This is flat space.
Another specialisation of the metric ansatz (10) that makes contact with previous results is to set a = c, in which case the S 2 bundle over S 4 becomes precisely the usual CP 3 Einstein manifold, with its SU (4)-invariant metric. This is incompatible with the first-order equations (17), but it is easily verified that it is consistent with the second-order Einstein equations following from (15). Solutions to these second-order equations then include the 8-dimensional Taub-NUT and Taub-BOLT metrics.
The incompatibility with the first-order equations is understandable, since the Taub-NUT and Taub-BOLT In order to obtain new solutions of the first-order equations (17) we first introduce a new radial coordinate r, defined in terms of t by dr = b dt. After also defining f ≡ c 2 , we find by taking further derivatives of the first-order equations (17) that f must satisfy the third-order equation
which can be expressed in the "factorised" form
where 
Naively there now appear to be four constants of integration in total rather than the expected three, but the extra one is eliminated by substituting the solutions back into (17). In fact for a generic solution, where Q itself is non-zero, the solution for a, and hence for b, can be written entirely algebraically in terms of f , with
Thus for a solution where Q = 0 the three integration constants for the first-order system (17) are simply the three integration constants for the third-order equation (19), and no further substitution back into (19) is necessary. As we shall see below, Q is non-vanishing for all but one degenerate solution of (19). Note that two of the three constants of integration are "trivial," corresponding to a constant shift and rescaling of the radial coordinate.
The general solution to equation (19) may be obtained as follows. First, introduce a new radial variable ρ, and a function γ(ρ), defined by
implying also that
This reduces (19) to
The further replacement of γ by z, and ρ by v, defined by
turns (25) into
The solution to this equation can be written in terms of the hypergeometric function as
Retracing the steps of the various redefinitions, we see that by using z as the radial variable the general solution (with df /dr not a constant) for the Ricci-flat metric can be written as
The coordinate r is given in terms of z by
and so we have the following
The local Ricci-flat metrics arising from the gradient flow (17) are given by
with v defined by (28) and f defined by (29).
Note that k in the solution (28) for v(z) is the non-trivial third constant of integration of the original first-order system (17). 
Special globally-defined solutions
As we shall show later, the general Ricci-flat metrics obtained in section 3.1 include one-parameter families of examples that are complete on manifolds with the topology of the bundle of chiral spinors over S 4 . The parameter in question is a non-trivial one, as opposed to the two trivial parameters associated with a constant shift and scaling of the radial coordinate. Before discussing these families 3 Note that in obtaining this general solution we have assumed that Q is non-zero, so that a can be obtained using (22). In fact if Q is zero it can easily be seen that unless in addition df /dr is a constant (which we have excluded from the analysis in this subsection), then after using (21) and substituting back into (17), the metric functions a, b
and c would all vanish. Thus the only additional solutions to (17), other than those described by (31), are those with df /dr =constant, and these are included in the discussion in section 3.2.
of complete metrics, we shall first discuss some simple solutions of the first-order equations (17).
It is easier to discuss these in terms of the original radial variable r used in writing (19). After absorbing a trivial constant shift of the radial variable we can write down three elementary solutions of (19), namely
where ℓ is a constant. The first two solutions here are of the type where df /dr is a constant, which were excluded in the general analysis section 3.1.
• The solution with f = −r has Q = 8 and so we can use (22), to find
It follows from (10) that the metric in this case is just the trivial flat metric on R 8 , with r ≤ 0.
In terms of the description using z and v introduced in section 3.1, it corresponds to a degenerate solution at the point (z, v) = (1, −2).
• The solution with f = 3r has Q = 0, and so here we must solve for b using (21). After making a coordinate transformation r −→ 3r 2 /20, this solution is
This can be recognised as the previously-known complete metric of Spin (7) Note that because this solution has f ′ =constant, it is not contained within the general analysis of section 3.1, except as a singular limit that corresponds to the point (z, v) = (−1, +2).
• The third elementary solution in (32), f = r + r 2 /(2ℓ 2 ), gives rise to our first examples of new complete metrics of Spin (7) holonomy. After a coordinate transformation r −→ −ℓ (r + ℓ), the metric in local coordinates becomes
Assuming that the constant ℓ is positive, it is evident that r should lie in the range r ≥ ℓ. We can analyse the behaviour near r = ℓ by defining a new radial coordinate ρ, where ρ 2 = 4ℓ (r − ℓ). Near ρ = 0 the metric approaches
The quantity
) is precisely the metric on the unit 7-sphere, and so we see that near r = ℓ the metric ds 2 8 smoothly approaches flat R 8 . At large r the function b, which is the radius in the U (1) direction σ, approaches a constant, and so the metric approaches an S 1 bundle over a 7-metric. This 7-metric is of the form of a cone over CP 3 (described as the S 2 bundle over S 4 ) in this asymptotic region. The manifold of this new Spin(7) metric, which we are denoting by We shall use the acronym AC to denote asymptotically conical manifolds. Thus asymptotically our new metrics behave like a circle bundle over an AC manifold in which the length of the U (1) fibres tends to a constant. The acronym ALF is already in use to describe metrics which tend to a U (1) bundle over an asymptotically Euclidean or asymptotically locally Euclidean metric with the length of the fibres tending to a constant. We shall therefore adopt the acronym ALC to denote manifolds where the base space of the circle bundle is asymptotically conical.
Ricci-flat ALC metrics, although not with special holonomy, have already been encountered. For example, the higher-dimensional Taub-NUT metric is defined on R 2n for all n and it is ALC with the base of the cone being CP n−1 . A closely related example is the Taub-BOLT metric which has the same asymptotics but is defined on a line bundle over CP n−1 . However, the metric on the base of the cone differs in this case (with n = 4) is the Fubini-Study metric on CP 3 , which is quite different from that of the "squashed" Einstein metric on CP 3 in our new metrics. A discussion of ALE Spin (7) manifolds based on the idea of blowing up orbifolds has been given in [8] . As far as we are aware, no explicit examples of this kind have yet been found.
We get a different complete manifold, which we are denoting by B 8 , if we take r to be negative.
It is easier to discuss this by instead setting ℓ = −l, wherel and r are taken to be positive. Thus instead of (35) we now have
This time, we have r ≥ 3l. Defining ρ 2 = 4l (r − 3l), we find that near r = 3l the metric has the form ds
is the metric on the unit 3-sphere, and so in this case we find that the metric smoothly approaches R 4 × S 4 locally, at small distance. The large-distance behaviour is the same as for the previous case (35). In the (z, v) plane of section 3.1, this solution corresponds to a trajectory with z = 1, and v running from v = +2 (at the origin) to v = +∞ (in the asymptotic region). Thus we have Proposition 3.3 The metric B 8 given by (37) with r > 3l > 0 admits a smooth complete nonsingular extension to the chiral spin bundle over S 4 .
Again we have a complete non-compact ALC metric with Spin(7) holonomy with the same base.
At short distance, it has the same structure as the previously-known metric of Spin (7) 
General globally-defined solutions
Having discussed some special solutions of (17) in section 3.2, and having seen that they include new complete metrics of Spin (7) holonomy, we now turn to a discussion of the global structure of the general solutions (31).
In order to recognise the solutions that give rise to complete non-singular metrics, it is helpful first to study the phase-plane diagram for the first-order equation (27), which can be expressed as
where τ is an auxiliary "time" parameter. The solutions can be studied by looking at the flows generated by the 2-vector field {dz/dτ, dv/dτ } = {2z (1 − z 2 ), v + 2z} in the (z, v) plane. For any such flow, it is then necessary to investigate the global structure of the associated metric (31) for regularity.
We find that regular solutions can arise in the following four cases, namely
(1)
Note that v = ±∞ corresponds to the asymptotic large-distance region, and in all four cases the metrics have similar asymptotic structures, precisely as we have already seen in the A 8 and B 8 cases.
The point v = −2, z = 1 corresponds to the short-distance behaviour of the A 8 metric, approaching
Euclidean R 8 at the origin where the S 7 principal orbits degenerate to a point. When v = 2, on the other hand, we have the short-distance behaviour seen in the B 8 metric, approaching R 4 × S 4 locally. In fact Solution (1) is the metric (35) on A 8 found in section 3.2, and Solution (2) is the metric (37) on B 8 found there also. These both have k = 0 in (28).
Solution (3) arises when k is any positive number, with z 0 being the corresponding value of z at which v(z 0 ) = 2, with 0 < z 0 < 1. The value of z 0 is correlated with the value of k, ranging from z 0 = 0 for k = ∞, to z 0 = 1 for k = 0. 4 Near z = 1 it follows from (28) that we shall have
where c 0 is an arbitrary constant of integration. Defining y ≡ (2c 0 ) −1/2 (1 − z) −1/4 , we see that as z −→ 1 we shall have y −→ ∞ and
and so this more general metric has the same large-distance asymptotic form as do A 8 and B 8 . Near
, and defining a new radial coordinate R by
where f 0 is the value of f at z = z 0 . From (27) we have that There are two possibilities, with z 0 either being greater than 1, or else z 0 is less than −1. In the latter case z then runs from z 0 at the BOLT, through z = −∞ to z = +∞, and then down to z = 1 in the asymptotic region. It is useful now to make another change of radial coordinate, and define y ≡ 1/z. This allows the two regions for z 0 to be combined. The solution for v may now be written
The y coordinate then ranges from y = y 0 at the BOLT to y = 1 at infinity, and −1 ≤ y 0 ≤ 1.
The integration constant κ is determined in terms of y 0 by the requirement that v = 2 at y = y 0 .
It can range between κ = 2 √ π Γ( is the Ricci-flat 7-metric of G 2 holonomy on the R 3 bundle over S 4 [1, 2] , and ϕ is a coordinate on a circle. We are now in a position to see how this solution can arise as a limit of our new Spin (7) metrics. Specifically, it arises as the k −→ ∞ limit of Solution (3) listed in (40). This is the limit where the constant z 0 , which sets the lower limit for the range z 0 ≤ z ≤ 1 for z, becomes zero. At the same time as sending k to infinity, we can rescale the fibre coordinate ϕ appearing the in definition (6) for σ = dϕ + A, (28) and (29) we see that when k becomes very large we shall have
and so in the limit of infinite k the metric (31) becomes
Defining a new radial coordinate r by r 4 = (1+z) (1−z) −1 , we see that this becomes ds
This can be recognised as the metric of G 2 holonomy on the manifold M 7 of the R 3 bundle over S 4 , which was constructed in [1, 2] . 5 Thus the family of new Spin(7) manifolds that we are denoting by B − 8 has a non-trivial parameter k such that the k = ∞ limit degenerates to M 7 × S 1 , while the k = 0 limit reduces to the case B 8 given by (37).
Proof of Spin(7) holonomy
Our procedure for solving the condition of Ricci-flatness for the eight-dimensional metric ansatz (10) involved establishing that there exists a superpotential for the potential in the Lagrangian formulation of the Einstein equations, and hence obtaining the first-order equations (17). The fact that such a first-order system exists provides a strong indication that there is an underlying special holonomy, since such systems of equations typically arise from the conditions for the covariant constancy of a spinor. However, it is still necessary to make a more thorough investigation in order to establish definitively that our new solutions have Spin(7) holonomy.
A convenient way to study this question is by again making use of the Kaluza-Klein reduction (11) , so that the equationD η = 0 for a covariantly-constant spinor in D = 8 can be reformulated
, and Γ A are the Dirac matrices that generate the Clifford algebra in eight dimensions.) The advantage of doing this is that we can then make use of results derived in [2] for the spin connection for 7-metrics of the type given in (14) . Specifically, we find that under Kaluza-Klein reduction we havê
4 ω ab Γ ab is the Lorentz-covariant exterior derivative that acts on spinors in seven dimensions, and ω ab can be read off from [2] .
Using the results in [2] for the spin connection for 7-metrics of the form appearing in (14), we eventually find that if and only if the metric functions a, b and c satisfy the the first-order equations (17), then the eight-dimensional equationD η = 0 has exactly one solution. The solution for the covariantly-constant spinor η can be written as
where η 0 is independent of (r, θ, ψ, ϕ), and satisfies projection conditions that are all implied by
Here the tangent-space indices 1 and 2 lie in the S 2 directions, (α, β) lie in the S 4 directions, 7
is in the radial direction, and 8 is in the U (1) fibre direction. In our conventions, the Yang-Mills instanton fields F i (2) on S 4 are given by
where e α = (e 3 , e 4 , e 5 , e 6 ) is the basis of tangent-space 1-forms on the unit S 4 . The spinor η 0 satisfies the equations for the zero-mode of the Dirac equation on S 4 in the Yang-Mills instanton background.
With these results, we have established that the first-order equations (17) are indeed the integrability conditions for the existence of a single covariantly-constant spinor in the 8-metric (10).
This establishes that for any solution of (17), we obtain an 8-metric (10) that has Spin (7) holonomy. The existence of the covariantly-constant spinor η immediately implies the existence of a covariantly-constant self-dual 4-form Φ, with components given by Φ ABCD =η Γ ABCD η. The covariant constancy of η implies thatη η is constant, and so we may choose a normalisation so that η η = 1. We then find that the 4-form is given by 2) , and sô
where as usualê α = c e α .
The covariantly-constant self-dual 4-form Φ, known as the Cayley form, provides a calibration of the Spin (7) manifold. Thus we have
where (X 1 , X 2 , X 3 , X 4 ) denotes any quadruple of orthonormal vectors. This can be seen from (52), or else from the expression Φ ABCD =η Γ ABCD η. A calibrated submanifold, or Cayley submanifold, Σ, is one where for each point of Σ
where the orthonormal vectors X i are everywhere tangent to Σ. By inspecting (52) we therefore see that the S 4 zero section of the bundle of chiral spinors is a Cayley submanifold, and hence it is volume minimising in its homology class. Physically, a Cayley submanifold corresponds to a supersymmetric cycle [9, 10] .
Thus in summary we have 5 L 2 -normalisable harmonic 4-forms in A 8 and B 8
In this section, derive the equations for harmonic 4-forms in the Spin(7) manifolds. We obtain explicit L 2 normalisable harmonic 4-forms for each of the new Spin(7) 8-manifolds A 8 and B 8 . Specifically, we obtain one such 4-form, which is anti-self-dual, for the manifold A 8 that is topologically R 8 , and two such 4-forms, one of each duality, for the manifold B 8 of the chiral spin bundle over S 4 .
We start from the following ansatz for the harmonic 4-forms,
where Ω (4) is the volume form of the unit S 4 , and
The upper and lower sign choices in (56) correspond to self-dual and anti-self-dual 4-forms respectively. The various 2-forms and 3-forms defined in (57) satisfy
Note that in (56) we have introduced a radial coordinate r that is related to t by dt = h dr.
and its L 2 -normalisability can be seen by noting that
We also find a second L 2 -normalisable harmonic 4-form in the new Spin(7) manifold B 8 . This 4-form is self-dual, and is given by
In contrast to the previous harmonic 4-forms, there is no linear relation between the functions u 1 , u 2 and u 3 here. The magnitude of G (4) is given by
It integrates to give
It is interesting to note that for the anti-self-dual harmonic 4-form on A 8 , given by (60), we can write it in terms of a globally-defined potential, G (4) = dB (3) . Specifically, we find that B (3) can be written as
One can see from (35) that this has a vanishing magnitude |B ( 2) has Spin(7) holonomy and admits an L 2 harmonic 4-form, given by (56) and (60), whose duality is opposite to that of of the Cayley form. The metric B 8 of proposition (3.3) has Spin(7) holonomy and admits both an anti-self-dual L 2 harmonic 4-form, given by (56) and (62), and a self-dual L 2 harmonic 4-form, given by (56) and (64).
Conclusions
In this paper, we have constructed new explicit complete non-compact 8-metrics of Spin (7) holonomy.
Our procedure involved writing down the ansatz (10) for metrics of cohomogeneity one, for which the principal orbits are S 7 , described as a homogeneous manifold with S 4 base and S 3 fibres that are themselves Hopf fibred over S 2 and squashed along the U (1). This provides a more general ansatz than the one that led to the previous complete non-compact metric of Spin(7) holonomy obtained in [1, 2] . We then showed that there exists a first-order system of equations whose solutions yield Ricci-flat metrics.
We obtained the general solution to the first order equations (17), and showed that this is characterised by three constants of integration, of which two are trivial (corresponding to a constant shift and rescaling of the radial coordinate) while the third, appearing as the constant k in (28), is non-trivial. We found associated one-parameter families of non-singular Ricci-flat metrics, which are complete on manifolds that we denote by B + 8 and B − 8 , which have the topology of the bundle of chiral spinors over S 4 . In the limiting case where k in (28) is taken to zero, the metric acquires the simple form (37), and in this case we denote the manifold by B 8 .
In the special case of the metric (37) one can also interpret it as complete on a different manifold, which we denote by A 8 , which is topologically R 8 . This is achieved by reversing the sign of the radial coordinate r. Equivalently, this can be written as in (35).
All the new Spin(7) metrics are asymptotically locally conical (ALC), approaching S 1 × M 7
locally at infinity, where M 7 is the manifold of G 2 holonomy defined on the R 3 bundle over S 4 .
Thus the new manifolds have an asymptotically cylindrical structure that is rather like Taub-NUT or Taub-BOLT. This is quite different from the asymptotically conical structure of the previouslyknown Spin(7) example found in [1, 2] . At short distance A 8 approaches Euclidean R 8 locally, while
We showed the Spin(7) holonomy of the new metrics by constructing the covariantly constant spinor associated with the special holonomy. From this, we also constructed the calibrating covariantly-constant self-dual 4-form Φ. We also obtained equations for harmonic 4-forms in the Spin (7) 
